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Abstract: Renormalization Group domain walls are natural conformal interfaces be- 
tween two CFTs related by an RG flow. The RG domain wall gives an exact relation 
between the operators in the UV and 1R CFTs. We propose an explicit algebraic con- 

jC, struction of the RG domain wall between consecutive Virasoro minimal models in two 

dimensions. Our proposal passes a stringent test: it reproduces in detail the leading 
order mixing of UV operators computed in the conformal perturbation theory litera- 

t-h ture. The algebraic construction can be applied to a variety of known RG flows in two 

^ dimensions. 
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1 Introduction 

Distinct conformal field theories can be often coupled by conformal invariant interfaces 
(see e.g. [1] and references therein). A conformal interface gives a map between ob- 
servables in the two theories. For example, in radial quantization, a spherical interface 
gives a map between the Hilbert spaces of the two theories on the sphere, i.e. between 
local operators. Such maps may be trivial: the interface may just be a totally reflect- 
ing interface, i.e. the product of independent boundary conditions for the two theories. 
But there are situations where a conformal interface may encode in a compact fashion 
an important relation between two theories [2]. 

In supersymmetric, four-dimensional examples of SCFTs with exactly marginal 
deformations, such as N - 4 SYM or M = 2 gauge theories, there are notable examples 
of such interfaces. Janus interfaces encode the parallel transport of operators of the 
theory along the parameter space of exactly marginal deformations [3] . S-duality walls 
encode the combination of the parallel transport with an S-duality operation, and give 
a map between weakly-coupled descriptions of the same theory valid in different corners 
of moduli space [4] . 
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There is another situation where a map between the operators of two CFTs arises: 
renormalization group flows. Consider a situation where a CFT Tuv can be perturbed 
by a relevant operator cf) to give an RG flow to a second CFT Tir. Then the operators 
of Tuv are mixed and renormalized to give operators in Tir. The corresponding map 
can be made very explicit in examples where conformal perturbation theory is valid [5] . 

It is natural to wonder if a RG conformal interface may exist, which encodes such 
correspondence between observables in Tuv and Tir. There is an obvious candidate 
[6, 7]. Start with Tuv, and perturb it by the integral of over a half space x± < only 
Flowing to the far infrared, the result will be a conformal interface between Tuv and 
Tir, which we will refer to as RG domain wall, or RG interface. See Figure 1 



uv 





Figure 1. An RG flow between theories Tuv an d Tir is initiated by perturbing Tuv by a 
relevant operator integrated over the whole space. If the relevant operator is integrated over 
a half-space only, the RG flow will produce a RG interface between Tuv an d Tr 

In a general setup, this definition is a bit ambiguous, even if we specify the precise 
choice of RG flow for the bulk theory. As the perturbation by the integral of <ft on 
a half-space breaks more symmetries than the perturbation by the integral of over 
the whole space, renormalization may turn on other relevant operators which preserve 
the reduced symmetries of the setup. For example, it can turn on operators integrated 
over the interface only. Thus a precise definition of the RG domain wall would require 
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one to specify a RG flow in such extended space of couplings. The definition can be 
sharpened if the RG flow preserves some additional symmetry, such as supersymmetry. 

A beautiful example of supersymmetric RG domain walls in two-dimensional M = 2 
supersymmetric minimal models is given in [7]. The RG domain walls are described in 
the language of matrix factorizations in a Landau-Ginzburg orbifold description of the 
minimal models. The description is sufficiently powerful to allow the computation of 
fusion between the RG domain walls and supersymmetric boundary conditions. The 
results reproduce the expected behavior of supersymmetric boundary conditions under 
the RG flow. Notice that in the mirror Landau-Ginzburg description, there is little 
difference between RG domain walls and Janus domain walls as defined e.g. in [8, 9]. 

In this note we will focus on less-supersymmetric two-dimensional examples of RG 
domain walls, for which Tuv and Tir are both rational conformal field theories, related 
by a well understood RG flow which can be described in conformal perturbation theory. 
The RG domain wall should be a conformal interface which is perturbatively close to 
the trivial identity interface, and should only pair up primary fields of Tuv an d Tir 
which are related by the perturbative RG flow. These conditions taken together are 
rather constraining, and one may hope they can identify uniquely a candidate RG 
domain wall. 

This program meets a simple obstruction: general conformal interfaces between 
RCFTs are not rational, and do not admit a simple Cardy algebraic description. Con- 
formal interfaces can be described as conformal boundary conditions for the product 
Tuv x Tir by the standard folding trick (see Figure 2). Boundary conditions which 
preserve the stress-tensors of the two factors independently, Tuv = Tuv and Tir - Tir 
corresponds to totally reflective interfaces. A general conformal interface only satisfies 
Tuv ~ Tuv - Tir - T IR , and corresponds to a boundary condition which only preserves 
the total stress tensor of the product theory. 

Rational boundary conditions in the product theory Tuv x Tir must glue the chiral 
algebra of the product theory Auv x Air to the anti-chiral algebra by some automor- 
phism. Generically, there is no automorphism which acts non-trivially on the individual 
stress tensors, and all rational boundary conditions of the product theory correspond 
to totally reflective interfaces. 

The expectation for a RG interface is to be as far as possible from a totally reflective 
interface. In the perturbative setup, the RG interface should be perturbatively close to 
the identity interface, which is totally transmissive. Thus the RG boundary condition, 
i.e. the boundary condition in Tuv x Tir which corresponds to the RG domain wall, 
cannot be rational unless Tuv x Tir has a hidden symmetry. This is not the case in the 
examples of RG flows we consider. 

Sometimes, it is possible to give an algebraic definition of non-trivial interfaces by 
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relating the interface to a rational boundary condition in a different 2d CFT. Beautiful 
examples of such construction can be found in [10, 11] and [12], which also quantifies 
the idea that an interface can be more or less reflective or transmissive. Although the 
specific construction of these references does not apply to RG domain walls, in this 
paper we identify a class of RG flows for which an alternative construction exists. This 
allows us to give an algebraic construction of many RG interfaces in terms of rational 
boundary condition for a different 2d CFT 7g. 

RG Domain 
Wall 



RG 
boundary 



T 



I IV 



T, R x 



I IV 



Figure 2. The folding trick: a conformal interface between theories Tuv and Tir can be rein- 
terpreted as a conformal boundary condition in the product theory Tuv x Tir. Holomorphic 
and anti-holomorphic quantities in Tir are exchanged. For example, the gluing condition for 
the stress tensor for a conformal interface Tuv -Tuv = Tr-Tir becomes the gluing condition 
for a conformal boundary Tuv + Tr = Tuv + Tr 

Our main example will be a pair of consecutive unitary minimal models, but our 
strategy applies to a much larger class of examples, such as the cosets 

rr" 9 1 X 9m ^ j / 1 1 \ 

Tuv = — m>l (1.1) 

9l+m 

which can be deformed by the 4>i^ coset field [13] to flow to 

Tir = — m>l (1.2) 

9m 

The crucial observation is that in these models, the relevant perturbation <ft com- 
mutes with a set of topological interfaces in Tuv [14]. Topological interfaces in Tuv 
which commute with are not renormalized by the RG flow, and survive as topological 
interfaces in Tir. We will argue that the RG domain wall must simply intertwine such 
topological interfaces in Tuv an d their image in Tir. 
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Starting from this observation, we will argue that the RG domain wall is closely 
related to a rational brane in the theory 



9l x 9l x 9m-l 
9l+m 



;i.3) 



The theory Tb has a a large chiral algebra B which contains Auv x -A-ir as a subalgebra. 
Indeed, Tb can be thought of as a non-diagonal modular invariant for Auv x Am, and 
there is a convenient canonical topological interface X\ between Tb and Tuv x Tm- 

The chiral algebra B has an obvious Z2 symmetry under exchange of the first two 
factors in the numerator. We propose that the RG boundary condition is the image 
under the action of 2i of a specific Z 2 -twisted brane in Tb- See Figure 3. This gives 
a completely algebraic description of our candidate RG domain wall. For minimal 
models, we formulate a simple algorithm to compute the ^-twisted Ishibashi states of 
B. 



Rational 
boundary 



Topological 
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Figure 3. We produce a non-rational candidate for the RG boundary condition by colliding 
a rational topological interface between the product theory Tm x Tuv and the auxiliary theory 
Tb and a rational, twisted boundary condition in Tb- 

Our calculation only involves representation theory of the chiral algebra B, and 
outputs the pairing between a specific UV operator O uv and a specific IR operator 
IR , in the form of a disk one-point function for the candidate RG brane 

(0 IR O uv \RG) e (0 IR \RG\O uv ) (1.4) 

We interpret this pairing of local operators in Tm an d Tuv as describing the exact 
mixing of UV operators under the RG flow to give IR operators. In order to test 
this interpretation we compare it with explicit calculations done in the literature on 
conformal perturbation theory [5]. The results match perfectly. It is worth observing 
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that the two calculations are not related in any obvious way. The intricate mixing 
coefficients are computed from apparently different subsets of information about the 
two-dimensional CFTs. 

The conformal perturbation theory calculation involves the diagonalization of the 
leading order matrix of anomalous dimensions, which is computed by the three-point 
functions 

C w = (OrOfV) (1.5) 

for several UV operators 0^ v of similar conformal dimension. The various IR operators 
correspond to the eigenvectors of the anomalous dimension matrix. 

Our algebraic proposal reproduces one-by-one, independently, the individual matrix 
elements of the eigenvectors. We take this match as strong evidence that our strategy 
to identify the RG domain wall is correct. 

It would be nice to test the correspondence further, for example compare our results 
to more detailed calculations in the canonical example of minimal models, and in the 
more general class of models to which our proposal apply. It should be also possible 
to study the collision between the candidate RG domain wall and branes in T uv , and 
compare the result with the expected behavior of boundary conditions under RG flow. 

The RG flows we consider are known to lead to integrable theories at intermediate 
scales between the UV and the far IR [15]. This fact played no role in our calculation. 
It would be interesting to see if some interplay is possible between the RG domain wall 
and integrability. In principle, we expect to have RG domain walls across which the RG 
scale jumps by a finite amount, thus relating the integrable theory at two points along 
the RG flow. But it is unclear if such interfaces might be in some sense integrable. 

Finally, the class of cosets we discuss includes the Wn minimal models, g = su(N) 
and 1 = 1, which have a conjectural holographic dual in the 'tHooft limit of large k and 
N with fixed N/k [16]. 1 The RG flow we consider has a neat holographic interpretation 
as a change in boundary conditions for a bulk scalar field. It would be interesting to 
look for a holographic dual description of the RG domain wall, possibly as a boundary- 
changing interface for the same bulk scalar field. It would also be interesting to match 
the behavior of two-point functions and topological defects in the bulk and boundary 
theories. 

1 We thank Shlomo Razamat for this observation 
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2 RG domain wall between Virasoro minimal models 



2.1 Conformal perturbation theory 

The best known RG flow in two dimensions relates a consecutive pair of unitary minimal 
models [5] Tuv = -Mp+i,p and Tir = M. PiP -\- Remember that the minimal model M.k+3,k+2 
is a RCFT for the Virasoro algebra, with central charge 

° =1 ~ (k + 2)(k + 3) (2 ' 1} 

and chiral primaries rjS of conformal dimension 

(r - s) 2 r 2 - 1 s 2 - 1 
r ' s = + 4(fc + 2) ~ 4(£; + 3) (2 ' 2) 

in the ranges 1 < r < k + 2 and 1 < s < k + 3 with an identification 



; fc+2-r,fc+3-s 



(2.3) 



In the following, we will refer to the RCFT defined by the diagonal modular invariant 
for the minimal model. 

In the large k regime, the fields <p r>r have conformal dimension close to 0, <p r ,r±i 
close to 1/4, <p T ^ ± 2 close to 1. In particular, 13 is the least relevant field for all k. 
The minimal model A4 p+ i yP perturbed by will flow to M PiP -i. The flow will arrive 
to M. pp _i along the least irrelevant direction, corresponding to 0^. Here and in the 
following we distinguish the fields in the UV and IR by the corresponding superscripts. 

The field 0i 5 3 has particularly simple fusion rules with other fields <p r y. it only 
changes the label s by an even amount. This implies that in conformal perturbation 
theory no other relevant perturbations need to be turned on, as the other 0i jS for odd 
s are all irrelevant. Furthermore, the mixing among fields in the UV theory is very 
constrained. The perturbative analysis shows that the Verma modules of <p^Y with the 
same r and all possible s with the same parity will mix together to give the Verma 
modules of for all t with the same parity as s. Schematically, 



odd odd 



E [«1 - E W?] E [C] - E W?] (2-4) 

s t St 

In the perturbative regime, k » 1, only operators whose dimensions differ by order 
At 1 mix at the leading order. One can compute the matrix of anomalous dimensions 
7ij at order k~ l from three-point functions involving 01^: 

V3 

Jij = hidij + —(7^(1,3) (2.5) 
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Here 2ng* = ^ is the critical value of the coupling. 

The eigenvectors of 7y describe the leading order mixing of UV operators to give 
IR operators. The eigenvectors are matched to the known IR operators by looking at 
the conformal dimensions at order Ar 1 which are computed from the eigenvalues of 7^. 

The mixing pattern is easy to describe for r not too large compared to k. The 
operator tp^Y has the smallest possible dimension, of order Ar 2 , and does not mix: it 
flows directly to (f>{. R . 

The operators <f)^ ±1 have dimensions which is close to 1/4. They mix at the leading 
order, and the eigenvectors of the matrix of anomalous dimensions given in [5] are 



lIr _ ^ r2 1 ,uv _ \±vv 

r-l,r rV,r+l rV,r-l 



kiR - \aJ jv ^ r2 1 jJJV 

V+l.r ~ Yr.r+l + rV,r-l 

1 /in > iy 



(2.6) 

We fixed the normalization so that the operators have norm one, and the sign so that 
the mixing becomes trivial as r becomes large, as the dimensions of the UV operators 
differ more and more. 

The operators </>^ 2 aric ^ ddcffj have dimensions close to 1, and mix at the leading 
order as (again, we simply diagonalized the matrix of anomalous dimensions from [5] 
and fixed the normalization properly) 





r(r + 1) " 1 




vh™Y x M4% = -hV — c y +2 + VtW) -1 ^ - ^t\/ — c y 2(2.7) 

r+ 1 y r r — L r — 1 V r 

At higher order, one has to describe the mixing of Virasoro descendants of (f>!jf¥ ±n 
for a finite range of values of n. They will flow to the same range of (pl R n r descendants, 
though the anomalous dimension information is not sufficient alone to disentangle dif- 
ferent descendants at the same level of the same (p{ R . 

2.2 Expected properties of the RG domain wall 

If we define the RG domain wall by a perturbative flow from the identity interface, it 
is clear that there are no relevant interface interactions which need to be turned on as 
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we turn on 13 in the bulk. Thus we are in a rather convenient setting where the RG 
domain wall should exist and be unique. 

Because of the expected form of the RG flow of operators from the UV minimal 
model to the IR minimal model, we expect the RG domain wall to be a conformal 
boundary condition for M. p+ i tP x M. P)P -i associated to a boundary state which lives 
inside the subspace 

s-te2Z 

I (2-8) 

t,r,s 

The conformal perturbation theory analysis at large k gives further constraints. If 
we take the leading order expression for some canonically normalized operator 0\ R in 
the IR theory as a linear combination of canonically normalized operators in the UV 
theory 

Oj R = ZKOr (2.9) 

j 

we get a prediction for the disk one point functions of the RG boundary condition 

(0 I j R Of v \RG) = b ij (2.10) 
at the leading order in the k~ l expansion, i.e. some coefficients in the boundary state 

\RG) = Y,k 1 \0 IR On (2.11) 

id 

Notice that the reflection trick involved in relating boundary conditions and interfaces 
requires IR -> IR . Notice also that if we derived the by from the diagonalization of 
the perturbative anomalous dimension matrix, we can only compute b^ up to multipli- 
cation on the left by a matrix which mixes the various descendants at the same level 
of a IR primary. 

A priori, it is far from obvious that a valid boundary state exists, i.e. that we can 
complete the b^ to functions 6y(/c) which agree with b^ at the leading order and satisfy 
the usual modular constraints for a conformal boundary condition, giving a consistent 
spectrum of states for the theory on a segment. 

Indeed, it is not even completely obvious that the boundary state can satisfy the 
condition for conformal invariance 

(IT + L{ R ) \RG) - {L™ + Li R ) \RG) (2.12) 

But it should be possible to use the Ward identities of three-point functions C^i^) to 
show that at the leading order in Ar 1 the RG boundary state will be conformal, and 
will even be a permutation brane: 

L U J\RG) = L{ R \RG) L IR \RG) = L u _l\RG) (2.13) 



- 9 - 



At the end of this section, we will propose an algebraic construction of \RG) and 
match it at the leading order in Ar 1 to the explicit mixing coefficients computed above. 

2.3 Topological interfaces and RG flow 

Topological interfaces offer a convenient way to recast the selection rules for the RG 
flow initiated by <pi^. A topological interface is an interface which commutes with the 
energy-momentum tensor, and is thus totally transmissive. A general discussion of 
topological interfaces in rational conformal field theories can be found in [17]. 

Topological interfaces can be freely deformed in correlation functions. They have 
non-singular fusion among themselves and with other interfaces or boundary condi- 
tions. It is useful to remember that if an interface/boundary X a appears in the fusion 
of a topological interface T> and an interface/boundary 2^, the theory will admit a 
topological junction between l a , lb and V. 

Topological interfaces which preserve a chiral algebra A can end on twist fields, 
which transform in a pair of representations of A, A which may not be available for 
the usual bulk fields. In particular, in a RCFT Ta defined by the diagonal modular 
invariant for the chiral algebra A, topological defects are given by Cardy's construction, 
and labeled by a representation a of A. They can end on twist fields in representations 
(01,02) if a appears in the fusion of a\ and a 2 . In particular they can end on purely 
chiral or purely anti-chiral twist fields in representation a or a. This fact will be crucial 
in our analysis. 

Cardy's construction applied to topological interfaces (seen as "permutation branes" 
for Ta x Xa) shows that the topological defect V a "acts" on a bulk field in representation 
(ai,ai) by multiplication by the familiar factor 

da* = ^ (2-14) 
1,01 

Here one acts on the bulk field by surrounding it with a small loop of T> a . Form 
Verlinde's formula, it follows that the topological interfaces fuse accordingly to the 
usual fusion coefficients for A. 

There is a special class of topological interfaces which are called "group-like": a 
group-like interface has the property that fused with itself (more precisely its opposite) 
gives the identity interface. A nice property of group-like interfaces is that they can be 
swept across a bulk field (a\,ai), at the price of a d am multiplicative factor. Indeed, a 
group-like interface implements a symmetry of the CFT. 

A general topological interface V swept across a bulk field (ai,ai) instead leaves 
behind a "tail": it transforms the bulk field to a sum over twist fields in the same 
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representations, attached to a strand of any defect appearing in the fusion of V with 
its opposite. 




Figure 4. A generic topological interface with label a can be swept across a bulk field (b,b), 
but will transform it to a sum (with appropriate fusion coefficients) of twist fields attached 
to a segment of topological defect of label c. Notice that c must be present in the fusion of a 
with itself and in the fusion of b and b. 

We can use the Ising model to give some simple examples of topological interfaces. 
We refer to [18] for more details and further references on the subject. Remember that 
the Ising model has three chiral primaries: the identity, a and e, of dimension 0, 1/16, 
1/2. The modular matrix is 



/ 


1 


1 


1 


\ 


2 




2 






1 





1 






V2 


V2 




\ 


1 


1 


1 




2 


n/2 


2 


/ 



(2.15) 



The topological defect T> e labeled by the h = 1/2 primary in the Ising model is group- 
like: T> e V t = 1. It only acts non-trivially on the a(z, z) primary field, multiplying it by 
-1: V e implements the spin-flip Z% symmetry of the Ising model. 

At the endpoint of a T> e interface, one can place a chiral operator of dimension 1/2, 
which is just the free fermion tp hidden in the Ising model. The T> e tail insures that the 
fermion is anti periodic around the spin field a(z,z), which is indeed one of the twist 
fields in the free-fermion description of the Ising model. There is a second operator 
which can sit at the end of T> e : the disorder field fi(z,z) of left and right conformal 
dimensions 1/16, i.e. the second twist field in the free fermion model. 
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The second topological defect in the Ising model is V a . It is not group-like: indeed 



V a V a = \+V e (2.16) 

This topological defect is related to the high-low temperature duality in the Ising model: 
it changes the sign of e, and relates a and the disorder field \i. 

After this simple example, we can look back at the M. p+ i, p minimal model. We 
want to understand what happens if we try to pull a XV,i defect across a 0i jS operator 
as in figure 4. The only representation which occurs both in the fusion of (r, 1) and 
itself and (1, s) and itself is the identity representation. Thus the effect of sweeping 
the V r> i defect across a 0i jS operator can at most be multiplication by a scalar factor. 
Because of rotation invariance, it is pretty clear that the factor should be 1 or -1: 
sweeping the line defect from the left to the right of the operator should be the same 
as sweeping from the right to the left. 

We can also compute the factor directly by comparing a small closed T> r i loop 
surrounding the operator and one which does not surround the operator, i.e. taking 
the ratio rf r ,i;i,s/^r,i;i,i- From the modular matrix 

p p + 1 



we compute 




sin EnL 

(r-l)(r'+s') P_ 

sm — 

v 



(2.18) 



and see that the ratio is (-l)( r_1 K s_1 ). Thus 01,3 is completely transparent to the 
defects T> r y. they require no renormalization in the perturbed theory, and should remain 
topological all the way to the IR minimal model. It is clear from the fusion rules that 
V u r J coincides with V[ R r [14]. 

2.4 RG domain wall and topological defects 

As the relevant deformation is transparent to the topological defects T>^\ \ the defi- 
nition of the RG domain wall implies that the RG domain wall will be transparent to 
these topological defects. 

More precisely, acting on the RG interface by V^Y on one side should be the same 
as acting on the RG interface V[ R on the other side. Notice that d^Y- r ' s ' coincides 
with d{^:. t , r „ iff r' = r" and V - s' is even. Requiring the RG domain wall to intertwine 
V^Y an d T> {R, we recover the expected constraint that the boundary state \RG) only 
contains total Virasoro Ishibashi states inside \4>l^\ x [0£T] with even t - s [14]. 
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There is a subtle refinement of the intertwining property: it should be possible for 
a line defect V^Y to cross topologically the RG interface, and become V 1 ^ on the other 
side. This means that the combined defect Vl^T^Y in the product theory Tuv x Tir 
can end topologically on the boundary defined by the RG interface. See Figure 5 



a) 



RG Domain 
Wall 



RG Domain 
Wall 



b) 
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c) 
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1,r r,1 



RG Domain 
Wall 



RG Boundary 



Figure 5. a) The RG interface is expected to intertwine the topological defects P^i anc ^ 
b) A T>YY can continue topologically across a RG interface and become T>[^ on the 
other side, c) Equivalently, the product defect V^V^Y m the product theory Tuv x Tir can 
end topologically on the RG boundary in a unique fashion. 

This will be a crucial observation. The OPE of a (anti)holomorphic operator with 
a boundary is always regular: the OPE coefficient can only be a function of the distance 
from the boundary, but it must also be (anti)holomorphic. Thus it must be constant. 
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If we have a (anti)holomorphic twist field connected to the boundary by a topological 
defect, we can take the regular OPE of the twist field with the boundary: the topological 
defect disappears, and one is left with a standard boundary operator. 

We will do so momentarily with the RG boundary condition and the 0(^0^ 
(anti)holomorphic twist fields. Before that, we can look at a simple example of topo- 
logical defects ending on boundaries in the Ising model. 

Because of the fusion rule [e] x [a] = a, a V e defect can end topologically on 
the Cardy boundary condition labeled by a. Thus we can consider the holomorphic 
fermion operator ip attached to a T> t defect ending on the boundary, and collide it with 
the boundary: the V e defect disappears, and one is left with a multiple of the unique 
dimension 1/2 boundary operator which lives on the boundary labeled by a. We can do 
the same with the anti-holomorphic fermion operator ■?/>, and get a multiple of the same 
dimension 1/2 boundary operator. This implies that the boundary condition labeled by 
a in the Ising model may be inherited from a simple boundary condition in the theory 
of free fermions, which glue ip to a multiple of ip. See Figure 6 



V(z) 



e(x) 



Figure 6. As the topological defect labeled by e can end topologically on a a boundary, we 
have a regular OPE of the holomorphic twist field ip to a boundary field of dimension 1/2, 
and a regular OPE of the anti-holomorphic twist field ip to the same boundary field. This 
gives a gluing condition for ip and ip at the boundary. 



2.5 A hidden current algebra 

We will now argue that the holomorphic fields (pl^^Y with odd r which live at the 
endpoints of V^V 1 ^. topological defects define a hidden extended current algebra B 
in Tuv x Tir. Because the V^V 1 ^. defects can end topologically on the RG boundary 
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condition, we will be able to argue that the RG boundary condition is associated to a 
specific gluing map between the holomorphic and anti-holomorphic copies of B. 

Take a closer look to the chiral fields (/>™(/>¥Y i n the product theory. They have 
dimensions 

(r-s) 2 (t-r) 2 t 2 -l s 2 -l , n , ns 
+ h v r v = y - ' + V - J + — — - - — — - 2.19 
4 4 4(fc + l) 4(k + 3) 

Notice that if we change r by an even amount, the conformal dimension jumps by an 
integer. If we change it by an odd amount, the dimension jumps by an integer and a 
half. This suggests that the corresponding fields can be arranged into representations 
of some extended current algebra. 

The current algebra is readily identified: the fields (^(ffj have integral dimension 
for odd r, half-integral for even r! This set of fields is closed under fusion, and thus 
the product theory Tuv x Tir has a hidden, extended chiral algebra realized by twist 
fields which live at the endpoints of topological defects. We will refer to the 

algebra generated by integral currents, i.e. odd r, as B. It is also useful to consider the 
larger algebra B which includes also the fermionic currents of even r. 

We can easily understand the origin of this hidden symmetry if we remember that 
the unitary minimal models have a coset description 

_ su(2) k x gn(2)i 
su(2) k+1 

If we denote as 4>r^ the dimension r primary of su(2)k, etc., the coset construction 
gives the decomposition of the tensor product of a su{2)k and a su(2)\ representations 

as 

s 

where s + r + d must be odd. Thus the Virasoro primary r s coincides with the coset 
field labeled by [r, d; s], where d = 1 if r - s is even, d = 2 otherwise. 

It is also useful to remember that we can write the minimal model modular matrix 
for the minimal model in terms of the modular matrix for the WZW model 



w — ' sin- (2.22) 



J ii.in 



I k+2 k+2 

as 

S[r,d-s],[r',d';s'] = ^y^d]}'^^ (2.23) 

where the factor of 2 accounts for the selection rules and identifications for the coset 
fields. 
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Now we can look at the coset description of the product theory T IR x T uv : 

AW: * M kt3M2 - A(2)t :'7" (2)l x (2 . 24) 

and compare it with the theory 7s defined by the diagonal modular invariant for the 

coset 

= g^(2) fc _i x sm(2)i x ffa(2)i 25 
s«(2) fc+ i 1 ' ' 

In the first coset, we decompose 

x x . £ x x (2.26) 

In the latter coset we decompose 

s 

Thus the 23 representations labeled by [t, d, d, s] is simply the direct sum of represen- 
tations of .Mfc+2,fc+i x M.k+3,k+2 with labels [t, d, r] and [r, d, s]. 

For a given pair t,s, we have two choices of values for the pair d, d, corresponding 
to the sum over even and odd values of r respectively. These pairs of B representations 
form a single B representation labeled by [t,s]. The primaries with even t - s are in 
NS sectors for the fermionic currents of B, while the primaries with odd t - s are in 
Ramond sectors. 

The theory Tb which enjoys the full current algebra symmetry is not the same as 
the product theory Tuv x Tir. Rather, it should be thought of as a different modular 
invariant for the chiral algebra of the product theory. For notational convenience, we 
will often denote the product theory as 

T A = M k+2M i x M k+3M 2 (2.28) 

and the corresponding chiral algebra as A. 
The identity representation of B 

*[i,i,i,i]= E W?]xkT] (2-29) 

contains three fields of conformal dimension 2: the energy-momentum tensors T uv and 
T IR , but also the interesting current 'Pi^'t^J- 

The chiral algebra B has an obvious Z 2 symmetry which exchanges the two fac- 
tors su(2)i x su(2) 1 in the numerator of the coset. The Z 2 symmetry exchanges two 
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inequivalent embeddings of A into B. In particular, it will mix among themselves T uv , 
T IR and (fil^^X ! This means that the Z2 symmetry acts in a very non-trivial way on 
each B representation, mixing in an intricate way different A representations. 

It is also useful to look at the current if) = (ftl^^X , of dimension 1/2, which sits in 
the identity representation for B. This is actually a free-fermion: the OPE if)if) only 
contains the identity and fields of dimension 2 or higher. Indeed we can give another, 
powerful, description of the B current algebra: it is just the direct product of the free 
fermion algebra generated by if) and a super Virasoro algebra! 

This observation, and many of the explicit formulae we derive from it, are discussed 
in detail in the reference [19]. It follows from the coset construction 

sm» ijm » M „ - s " (2) ,-; 9 * s ~ u{2h x fQ)' (2.30) 

su(2) k+1 su{2) 2 

The second factor is just the Ising model associated to the fermionic current if> = 
0i202iT- The first factor is a supersymmetric minimal model. This coset makes it 
obvious that the current algebra B consists of the currents of integral dimension built 
from the super- Virasoro algebra and if), and that the Z 2 automorphism acts simply as 
if) -> -if). 

The B representations labeled by [t, d, d, s] decompose into Ising model representa- 
tions with label [d,d,d'] and supersymmetric minimal model representations [t,d',s]. 
Here d' = 1,2,3. Parsing through definitions, we see that the B representations either 
combine NS representations of the supersymmetric minimal model and the 1, e fields 
of the Ising model, or Ramond representations and the spin field a. Indeed, 7b can be 
seen as the orbifold of SMk+i,k+3 x -^4,3 by the Z' 2 symmetry which reflects Ramond 
operators and the spin field a. 

The three dimension 2 currents in B are simply a linear combination of the energy- 
momentum tensors T and of SM.k+i,k+3 x -^4,3 and of the combination if>G of free 
fermion current and superconformal generator. As we know fully the OPE of these 
fields, we can solve for the expressions of Tuv and Tj#: 



2fc + 4 2k + 4 2k + 4 

TTV k + l J(k + l)(k + 3) k + 5 

T uv = - T - — -Gip + - 2.31 

2A: + 4 2k + A v 2k + 4 * 



The third current is 



= (jfc + i)(jfc + 3 )t - 3y/(k + l)(k + 3)Gip - 3(Jfe -l)(k + 5)T^ (2.32) 
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We can confirm that indeed this field has conformal dimension ^ under T IR , and hence 
§±| under T uv . As written, it is not canonically normalized. It should be divided by 
the square root of 3(k - l)k(k + A){k + 5) to be normalized to I. 

In these and later computations, we let the super- Virasoro currents and ip commute 
with each other. It may be more natural to let G and ip anti-commute, as they are 
both fermionic. Then one would need to put a factor of % in front of bilinears such as 
Gtp to make the formulae work. 

The Z 2 symmetry of B acts as ip -> -if). It maps T IR and T uv respectively to 

fIR _ 3 ^ IR + (k - l)(k + "$) r^jjy + 1 ^m^uv 



(k + 2)(k + A) k(k + 2) ' k(k + 2)(k + A) 



'1,3V3,1 



rpUV _ + + 5) rpIR ^ ^jjy 1 lIRlUV /O 00\ 

~(k + 2)(k + 4) k(k + 2) 2 k(k + 2)(k + 4f 1 ' 303 ' 1 {Z - 66) 

Given sufficient patience, or some Mathematica code to deal with the free fermion 
and super- Virasoro algebra, one can expand any descendant of operators of the form 
(j){ R (ffY iu the product theory in terms of descendants of super- Virasoro primaries and 
Ising model fields. The algorithm is conceptually straightforward: take general linear 
combinations of the operators at the same level in the same B representation, and act 
with the explicit T IR and T uv to identify the primary fields (j){ R (ffY . This allows one 
to compute explicitly the Z 2 action on descendants of 4>lf?4>¥,Y ■ 

2.6 The extended current algebra of the RG domain wall 

The total holomorphic and anti-holomorphic energy-momentum tensors brought to the 
boundary give the same operator, the boundary energy-momentum tensor. But the 
individual energy-momentum tensors of T uv and T IR will not match with their anti- 
holomorphic versions when brought to the RG boundary condition. Rather, we have two 
copies of A at the RG boundary, which intersect along the common energy-momentum 
tensor. In particular, there must be at least three dimension 2 currents. 

There is a striking consequence of the fact that V[ R V^Y can end on the boundary 
condition defined by the RG domain wall. The holomorphic currents 4>[ R (ffY can sit 
at the end of a V[ R T>^ defect attached to the boundary, and brought to the boundary 
to complete A to a full copy of the B algebra. A second copy of B arises from the 
anti-holomorphic currents. In principle, it is possible that these two copies of B are 
distinct and intersect only on the overall Virasoro algebra. But it is more economical 
to conjecture that they actually coincide. The two copies of A at the RG boundary 
condition may simply coincide with the two copies of A inside B, related by the Z 2 
symmetry. 



- 18 - 



More generally, we can place a holomorphic current (f>l^(f>^Y a ^ ^ ne tip of a T>\ R T>YY 
line defect coming from infinity, and connect it by V^JV[ R to the boundary. By 
OPE with the boundary, we get a copy of each B representation from the holomorphic 
currents attached to Vf^V^J, and another copy from the anti-holomorphic currents. 
Again, the most economic choice is to identify these two copies under the Z 2 automor- 
phism of B. 

Notice that at the perturbative level, this is a reasonable assumption. The interface 
operators for the RG domain wall arise from the perturbative renormalization of the 
local operators at the trivial interface for T uv , which are just the bulk fields. It is 
already rather surprising that enough of these operators would be renormalized to 
interface fields with exactly integral dimension to fill in one copy of B. It would take 
even more surprising cancellations to give two copies of B. 

At this point, we have the first non-trivial check: the Z 2 automorphism which 
relates the four energy-momentum tensors and the two (^{^(ftfi currents must be per- 
turbatively close to the trivial gluing condition of the trivial interface in Tuv- Indeed, 
inspection shows that at the leading order in Ar 1 , T IR ~ T uv and T uv ~ T IR \ Remem- 
ber that a relation between T IR and T uv at the RG boundary condition corresponds to 
a relation between T IR and T uv at the RG interface because of the complex conjugation 
involved in relating interfaces and boundary conditions. 

If the RG boundary condition was a brane in the theory 7b, the gluing condition 
for the holomorphic and antiholomorphic copies of B would imply that it is a rational 
brane. On the other hand, the RG boundary condition is a brane in the product theory 
Ta- In order to make full use of the B symmetry, we should relate the RG boundary 
condition to a brane in the theory 7b ■ 

In the next section, we will simply pick the simplest Z 2 -twisted boundary condition 
in the theory 7b, and map it to the product theory Ta by acting with the simplest A- 
topological interface between 7b and Ta- We will show that the resulting boundary 
condition has all the properties which we associated to the RG boundary condition: 

• it is a general, non-rational conformal boundary condition 

• the boundary state involves only total Virasoro Ishibashi states inside \4>lf\ x 
[<f)rj] with even t - s 

• the T>[ R T>^Y topological defects can end on it in a natural way 

• It glues the holomorphic and antiholomorphic copies of B by the Z 2 automorphism 
Thus we will take this boundary condition as our candidate RG domain wall. 
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2.7 Topological interfaces between theories 

There are some general facts which are true whenever one has a 2d RCFT Tb which is 
defined by the diagonal modular invariant for a chiral algebra B, and is also a RCFT 
under a subalgebra A c B. 

Concretely, this means that the characters Xn f° r representations /i of B can be 
decomposed as a finite sum of characters Xa for representations a of A 

X, = ZKXa (2-34) 

a 

There is a useful relation between the S modular matrices of the two chiral algebras: 

nlS\ = S;n h v (2.35) 

For simplicity we will assume that all representations are self-conjugate, and that 
takes values or 1. This is surely true in our current example. 

This setup admits several interesting topological defects. There is of course the 
Cardy basis of ^-topological defects for Ta- 

Cb 

^a = YtMM\ (2-36) 
b D l 

where we denote as \\A,b\\ the ^4-Ishibashi state which projects to the representation 
b (and b) and commutes with A (and A). Similarly, there is also a Cardy basis of 
^-topological defects for Tb'. 

^ = £§II'MI (2.37) 

We are interested in ^-topological interfaces between Ta and 7g. It is known that 
the number of such interfaces is the same as the trace 

E«X (2-38) 

i.e. there are as many interfaces as pairs /z,a allowed by the branching rules. One can 
write a general interface as 

z* = £-srM^ a l (2-39) 

fi,a <->l 

where ||v4, /x,a|| is the ^4-Ishibashi state which pairs up the representation a in Ta and 
the copy of a inside /i in Tb- We will denote as X x the same interface running in the 
opposite direction. 
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The coefficients S£ ,a are constrained by the requirement that X y X x should be a 
direct sum of topological defects in Ta'- 

lyZ* = I =Y,KyV b (2-40) 

H,a "1 *->l b 

i.e. 

Ky = T^A (2-41) 

and that the defects should be elementary, i.e. AT* = S X)V . 

It is possible, but intricate, to solve these constraints. But there is a special A- 
topological interface which can be written down immediately: 



^ = E\ Sll-Wl (2.J2) 

i,a \ ^1 

Indeed, 

an 

^i = E^HAa||=i;^ (2-43) 

The latter equality implies that the V a topological defects can end topologically 
on X\. In particular, the holomorphic currents in B can be pulled through X\ from the 
Tb side to the Ta side, attached to a V a tether. 

Armed with an explicit topological interface, we can map boundary conditions in 
Tb to (superpositions of) boundary conditions in Ta and viceversa. This is especially 
interesting if the algebra B has an automorphism g which does not fix A. Then a 
rational brane B 9 for Tb which identifies the holomorphic and anti-holomorphic copies 
of B with the gluing map g for B will be mapped under the action of X\ to a brane 
B 9 = X\B 9 for Ta which only preserves the intersection An g(A), which can consist, 
say, of the stress tensor only. 

Thus we get a rather explicit definition of a class of conformal, but not rational, 
boundary conditions for Ta- Notice that V a topological defects for a in the identity 
representation of B can end naturally on B 9 : they just end on X\. Furthermore, the 
holomorphic and anti-holomorphic B currents in the theory Ta, attached to a defect 
ending on X\ can be brought through X\ to become standard currents in the Tb theory, 
and then related by the g automorphism when brought to the boundary B 9 . See Figure 
7 

Specializing to our setup, /i runs over possible [t, d, d, s] and the a in such /i run 
over [t, d, r] x [r, d, s], with d and d fixed by the parity of t + r and r + s. Explicitly, 

Ji=EilK^ )S | (2.44) 

t,r,s b ± 
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Rational Topological 
Boundary Interface 



D 1 x D 1 

1,r r,1 



„IR ,_UV 

x D 1 

1,r r,1 



RG Boundary 



Figure 7. The topological defects V[^T>^{ can end on the topological interface X\. Thus 
they will be able to end topologically on the candidate RG boundary. 

The Xi image of any 7g brane would only involve descendants of combinations 
fitfarj ■ A ^2 twisted brane in Tb only involves Ishibashi states built on primaries 
with d = d labels. If t - s is odd, the labels d and d must differ. Thus the X\ images of 
Z 2 -twisted Tb branes satisfy the same selection rules as expected from the RG boundary 
condition: t - s should be even. 

The simplest Z 2 -twisted brane in Tb takes the form 

s-te2Z i 

\B)= E y[s^S^\t,s-B,Z 2 )) (2.45) 

t,s 

where the ^-twisted B Ishibashi state can be rewritten as the sum of two ^-twisted B 
Ishibashi states, or the product of a super-Virasoro Ishibashi state and an Ising model 
Ishibashi state: 

|t, s- B, Z 2 )) = \t, 1, 1, s; B, Z 2 » + \t, 2, 2, s; B, Z 2 )) 

= (|t,l, S )) + |t,3, S )))x(|l))-|6))) (2.46) 

Indeed, the brane \B) is the Z' 2 orbifold image of the brane labeled by the identity in 
the super-Virasoro minimal model tensored with the brane labeled by a in the Ising 
model. 
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Acting with 1 1} we get our candidate 



lRG)= ^ v ^ L ' s \\A,t,r,s\\t,s;B,Z 2 )) (2.47) 

We can give an explicit recipe to compute the one point function 

(O uv O uv O IR IR \RG) (2.48) 
of any product of descendants O uv O uv and IR IR of some (pl R <p^Y : 

• Translate O uv O IR certain B descendant of the B primary (j)t s - 

• Translate O uv O IR clS db certain B descendant of the B primary (j)t, 3 - 

• Using the B current algebra, compute the overlap between O uv O IR and the Z 2 
image of O uv O IR 



/ s (*-i) s (fc + i) 

• Multiply the overlap by - — ' (fc) — 

S l,r 

2.8 Explicit calculations 

This description of \RG) is particularly useful because the B current algebra is given 
explicitly by the product of a free fermion and super-Virasoro. For a concrete calcula- 
tion of a non-zero disk one-point function of an operator O = O uv x IR in the [t, r, s] 
sector of Tuv x Tir, we need to represent O explicitly in terms of NS fields in the super- 
symmetric minimal model and e in the Ising model, by using the explicit expressions 
of T uv and T IR given above. 

Let's apply this procedure for some explicit comparisons with perturbative expec- 
tations. It is easiest to start with fields in f uv which are not mixed at the leading order 
in perturbation theory: the (ffj fields with finite r, which are expected to flow to 4>j. R . 
Both fields have dimension close to zero. The combined field 4>l R (j)^y is the bottom 
component of the [r, 1,1, r] representation of B. That bottom component coincides 
with the NS field labeled by [r, l,r] in the supersymmetric minimal model. 2 The Z 2 
symmetry acts trivially on this field. 



"As a check, notice that 



/ \ _ r2 1 iIR r2 1 



h uv = - h 1H = - f2 49l 

r ' r 4(fc + 2)(/fc + 3) r ' r 4(fe + 2)(fe + l) 1 ' ; 

agree with the expressions of T uv and T IR : they coincide with the conformal dimension in the 
supersymmetric minimal model multiplied by the coefficient of T in T uv and T IR . 
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Thus the one point function is simply 

(4t«<W\RG) - V 1>r (fc) 1|r (2.50) 

This is 1 up to terms of order £r 2 , as desired. 

For a less boring example, we can look at the pair of fields <p^ ±1 , which are known to 
mix in degenerate perturbation theory to give 0^f l r . Now, 0r-i,r^r+i anc ^ < H+i,r ( l 3 r,r-i 
are the bottom components respectively of the [r + 1,2,2, r - 1] and [r - 1,2,2, r + 1] 
representations of £>. In turns, these bottom components coincides with the NS field 
labeled by [r + 1,3, r - 1] and [r - 1,3, r + 1] in the supersymmetric minimal model. 
Thus the Z 2 action is trivial. 

On the other hand, 0^ r ^X-\ an d <f>l+i r&rr+i are linear combinations of the two 
level 1/2 B descendants of the NS fields labeled [r - 1, l,r - 1] and [r + 1, l,r + 1] 
respectively. Thus we have an interesting diagonalization problem at hand: find the 
linear combination of primaries e0 Sj i )S and Si 3 jS = G-y2<f> s ,i,s which is a primary field 
for T uv . 

The total conformal dimension is 

11 s 2 - 1 
ft +_ = _+ (2.51) 

s,s 2 2 2(fc + 3)(fc + l) V ; 



We can compute 



s 2 -l A; + 5 \ , y/(k + l)(k + 3) 



L ^ e0s ' M = U(A; + 3)(fc + 2) + 4^) ) " 2fc + 4" ' ~' G -W*>*>' ^ 



s.l.s 



and 

L ° V 2 ^ 8 ' 1 '* = [ 4 (k + 3)(k + 2) + 4(^2) j G - 1/20 ^~27^7 (A: + l)(A: + 3) e0 

(2.53) 

We find, properly normalized, 

tr ttv (s-1) J(k + l)(k + 3) 

N /2s(s-l) N /2s(s-l) 

and 

= 7==^».M - ^PSg-^M,. (2-55) 
^28(8+1) a/2s(s + 1) 

The overlap between s and its Z 2 image is simply s _1 , and the overlap between 

0^+10^1,3 an d its ^2 image is simply -s _1 . 
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Thus we have the following one-point functions: 



{<p r _ l r (j) ryr+l \RG) '—^ 



/ q (k-l) q (k+l) 

V °l,r-l °l,r+l 

°l,r 

/ q (k-l) q (k+l) 

V °l,r+l °l,r-l 



si 



(fc) 



/^(fc-l) Q (fe+1) 

1 V 1,^-1 °l,r-l 



^1, 



(WA.URG)- ^ (2.56) 



In the perturbative regime, for r « A;, this becomes 



r 



(<Pi\A U rli\RG) = ~ 

{¥AMU RG ) = l ( 2 - 57 ) 

Comparing with the literature, we find perfect agreement with the linear combina- 
tions of UV fields which are supposed to give the IR fields: 

, r = y^iCi - C y -i 

#?i,r = C y + i + (2-58) 

At the next level of complexity, one can discuss the mixing of the fields 4>^ ±2 
and ddffiv to give 4>i±2r anc ^ 9d(f>^. This is a considerably more laborious task. We 
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computed the desired one-point functions: 



ijJR jjjv 

\(Pr+2,r9r,r+2 



uv\-iaaj,uv 

r.r 



IjJR jJJV 
\ ( Pr+2,r ( Pr,r-2 



uv\-ip>muv 

r.r 



r,r+2 



{{2h^dd<t>i%2h u J)^dd<t> u J 



((2^)- 1 ^<^_ 2 



RG) 
RG) 
RG) 
RG) 
RG) 
RG) 
RG) 
RG) 
RG) 



2k{k 



+ 4)-3(r^r-2) y/S^Sffl 



(r + l)(r + 2)(k-r + l)(k + r + 3) s[ 

2k(k + r + 5) + 5r + 11 \fs^+2 $i,r ' 
(fc + 2)(r + l)(k + r + 3) s{ 

/^(fc-i) q (k+i) 

V °l,r+2 °l,r-2 



(fc) 



(fc) 
r 



(fc) 



Q (fc) 

2k(k + 4) - 3(r - 2)(r + 1) \/ Si*-2 
(r- l)(r-2)(fc-r + 3)(fc + r + 1) <?[ 

2fc(fc - r + 5) - 5r + 1 1 \/ ^i* -2 
~(fc + 2)(r-l)(fc-r + 3) 

/ Q (fc-i) Q (fc+i) 

V °l,r-2 °l,r+2 



(fc) 
r 



(fc) 



2A;(A; 



-r + 3)-3r + 3 y ^ D V+2 



(fc + 2)(r + l)(Jfe-r + l) s-{*) 

fc(fc + 4) (rg - 5) + 2 (rj - 7) ArX^ 
(A; + 2)2(r 2 -l) <?« 

-2Jfc(ifc + r + 3)-3(r + l) A^^V 



7 (fc) 



(k + 2)(r-l)(k + r + l) s (K 

1,7* 

From the conformal perturbation theory we expected at leading order 



(2.59) 



JR\-1 



ch IR - 


2 


rh UV 


9r+2,r ~ 


r(r + 


^<Pr,r+2 ' 


(h IR - 




~ A (h uv - 


<Pr-2,r ~ 


r 


H } r,r+2 


ddtf* = 


2 




r + 1 





'r + 2 



r + 1 
uv + 



{2h u jrdB^ + v ^ l - uv 



W-2 



(2h^r i dd^ + 



uv 



r 
2 



r 2 - 5 



r(r - 1) 
2 



r,r-2 



kUV 
Vr-2 



r-2 



t uv 

r.r 



^2.60) 



The agreement is perfect. 
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2.9 Alternative candidates 



The other Z 2 -twisted boundary conditions for 7g can be obtained by acting with the 
^-topological defects T>f d ls on the basic boundary condition we used for our candidate. 
If we act with X\ on such (t, s) boundary conditions, we get the same result as if we 
had acted with the V^J and defects on our RG domain wall candidate. 

Hence the only criterion we can use to distinguish the correct RG domain wall can- 
didate among the various (t, s) images is the comparison to the conformal perturbation 
theory results. For (t, s) small compared to k, the modified RG candidates would give 
one-point functions which differ only by an overall ts factor. Although this is already 
probably sufficient to show that s = t = 1 is the correct RG domain wall candidate, in 
order to really discriminate sharply among the various (t, s) images it would be nice to 
extend the perturbative calculations to (pl^cffj , 4>i±\ r 0^ 1; etc. for r of order k. 

2.10 A sign puzzle 

We would conclude our calculations with a small puzzle. Let's compute the one-point 
function of The field is a level 1/2 B descendant of the NS field (1, 3, 3). 

Thus we need to find the linear combination of primaries e0i,3, 3 and </>i,i,3 = G_i/20i,3,3 
which has zero conformal dimension for T IR . We can compute 

rlR, - V(fc + l)(fc + 3) ^ 

A) ^,3,3=^^,3,3 + 2fcT4 G - 1/2 ^ 3 ' 3 

, n k + 1 k-l J(k + l)(k + 3) 

The correct linear combination is thus 




= \/ %T e01 - 3 ' 3 ~ V k ~W G -v^ ( 2 - 62 ) 

and the overlap with the Z 2 image is -Ar 1 . Thus we have the one point function 

{<t>m%\RG) = (2.63) 

This sign is somewhat disturbing, even as the factor of \/3 is rather nice: the 
leading value of the coupling constant in the IR is expected to be 

/3 

2th?* ~ ¥j- (2.64) 

and the one-point function of 4^.4>Y^ should be closely related to that. But the sign 
seems wrong: the critical coupling constant should be positive! The sign would not 
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vary if we were to use some other RG domain wall candidate, as long as s, t are small 
compared to k. It is possible we may have missed subtle overall signs in front of the 
Ishibashi state. The various topological defects and brane we used involve square roots 
of the modular matrix elements. 



3 More general cosets 

There is a conjectural RG flow between the cosets 



and 



Tuv = — m > I (3.1) 

9l+rn 



rr 9l X 9m-l ^ i /o 0\ 

Tir = — m>l (3.2) 

9m 



initiated by the = 4>ff coset field [13]. 

It should be clear that is still transparent to topological defects associated to 
representations [ri,r 2 ;l] of the UV coset, and that these will match the IR defects 
labeled by [ri,l;r2]. The same reasoning as for the minimal models suggests one to 
look at the coset theory 

T 91*91* 9m-l ^ j fo Q x 

iB = t. m > ' (3.3) 

gi+m 

We have again a natural Z2 automorphism, and we can try to build the RG boundary 
condition as an image of a ^-twisted 7b brane. 

We can even propose a natural candidate Tb brane 

\B) = Z xMr^fr E I*, l d, s; B, Z 2 )) (3.4) 

s,t d 

There is also a conjectural (never perturbative!) RG flow between the parafermionic 
theory [20] 

_ su(2) k 

luv - (3.5) 

U{l)k 

and the minimal model 

KA M 2 )k-1 X SU(2) 1 

M k +2,k+i = ^77^ (3-6) 

su(2) k 

initiated by perturbation by the basic parafermionic fields. 

The coset structure suggests this may be another example amenable of analysis by 
our methods, with 

su(2) fe _i x su(2) 1 

IB = T7TT (3. I ) 

U{l)k 

It would be interesting to identify an appropriate class of twisted boundary conditions. 



- 28 - 



Acknowledgments 



The work of DG is supported in part by NSF grant NSF PHY-0969448 and in part 
by the Roger Dashen membership in the Institute for Advanced Study. Opinions and 
conclusions expressed here are those of the authors and do not necessarily reflect the 
views of funding agencies. 



References 

[1] C. Bachas, J. de Boer, R. Dijkgraaf, and H. Ooguri, Permeable conformal walls and 
holography, JHEP 0206 (2002) 027, [hep-th/01 11210]. 

[2] M. R. Douglas, Spaces of Quantum Field Theories, arXiv : 1005 . 2779. 

[3] E. D'Hoker, J. Estes, and M. Gutperle, Interface Yang-Mills, super symmetry, and 
Janus, Nucl.Phys. B753 (2006) 16-41, [hep-th/0603013]. 

[4] D. Gaiotto and E. Witten, S-Duality of Boundary Conditions In N=4 Super 
Yang-Mills Theory, arXiv : 0807 . 3720. 

[5] A. Zamolodchikov, Renormalization Group and Perturbation Theory Near Fixed Points 
in Two-Dimensional Field Theory, Sov. J. Nucl.Phys. 46 (1987) 1090. 

[6] S. Fredenhagen and T. Quella, Generalised permutation branes, JHEP 0511 (2005) 
004, [hep-th/0509153]. 

[7] I. Brunner and D. Roggenkamp, Defects and bulk perturbations of boundary 
Landau- Ginzburg orbifolds, JHEP 0804 (2008) 001, [arXiv: 0712. 0188]. 

[8] I. Brunner, H. Jockers, and D. Roggenkamp, Defects and D-Brane Monodromies, 
Adv.Theor.Math.Phys. 13 (2009) 1077-1135, [arXiv: 0806. 4734]. 

[9] D. Gaiotto, Surface Operators in N = 2 4d Gauge Theories, arXiv : 0911 . 1316. 

[10] T. Quella and V. Schomerus, Symmetry breaking boundary states and defect lines, 
JHEP 0206 (2002) 028, [hep-th/0203161]. 

[11] T. Quella, Asymmetrically gauged coset theories and symmetry breaking D-branes: New 
boundary conditions in conformal field theory, . 

[12] T. Quella, I. Runkel, and G. M. Watts, Reflection and transmission for conformal 
defects, JHEP 0704 (2007) 095, [hep-th/0611296]. 

[13] F. Ravanini, Thermodynamic Bethe ansatz for G(k) x G(l) / G(k+l) coset models 
perturbed by their phi( 1,1, Adj) operator, Phys.Lett. B282 (1992) 73-79, 
[hep-th/9202020]. 



- 29 - 



[14] S. Fredenhagen, M. R. Gaberdiel, and C. Schmidt-Colinet, Bulk flows in Virasoro 
minimal models with boundaries, J.Phys.A A42 (2009) 495403, [arXiv: 0907. 2560]. 

[15] A. Zamolodchikov, Higher Order Integrals of Motion in Two-Dimensional Models of 
the Field Theory with a Broken Conformal Symmetry, JETP Lett. 46 (1987) 160-164. 

[16] M. R. Gaberdiel and R. Gopakumar, An AdS3 Dual for Minimal Model CFTs, 
Phys.Rev. D83 (2011) 066007, [arXiv : 1011 . 2986]. 

[17] J. Frohlich, J. Fuchs, I. Runkel, and C. Schweigert, Duality and defects in rational 
conformal field theory, Nucl.Phys. B763 (2007) 354-430, [hep-th/0607247] . 

[18] J. Frohlich, J. Fuchs, I. Runkel, and C. Schweigert, Kramer s-Wannier Duality from 
Conformal Defects, Physical Review Letters 93 (Aug., 2004) 070601, [cond-mat/]. 

[19] C. Crnkovic, R. Paunov, G. Sotkov, and M. Stanishkov, FUSIONS OF CONFORMAL 
MODELS, Nucl.Phys. B336 (1990) 637. 

[20] V. Fateev and A. Zamolodchikov, Integrable perturbations of Z(N) parafermion models 
and 0(3) sigma model, Phys.Lett. B271 (1991) 91-100. 



- 30 - 



